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ConstrictionsGranular filters retain base material within the narrowest constrictions of their void network. A direct
comparison of the base material particle size distribution (PSD) and the filter constriction size distribu-
tion (CSD) cannot easily be used to assess filter-base compatibility. Here a conceptually simple random-
walk network model using a filter CSD derived from discrete element modelling and base PSD is used to
assess filter-base compatibility. Following verification using experimental data the model is applied to
assess empirical ratios between filter and base characteristic diameters. The effects of filter density, void
connectivity and blocking in the first few filter layers are highlighted.
Crown Copyright  2016 Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
Granular filters play an important role in many geotechnical
structures, most notably embankment dams and flood embank-
ments. As outlined in [1] filters downstream of the core can inter-
rupt or halt internal erosion by trapping mobile particles that are
entrained in seeping water. The function of a filter (usually com-
prising a sand or gravel) is to retain a finer base material. Hitherto,
filter design has been largely empirical, with consideration of the
particle-scale mechanisms based on intuition and highly idealized
models. It is generally accepted that both the filter constriction
sizes (i.e. the sizes of the pore throats or narrowest points in the
void space) and the particle size distribution (PSD) of the finer base
material determine whether a base material will be retained in a
given filter i.e. the filter and base will be compatible. A representa-
tive filter particle size is generally taken to indicate the filter con-
striction sizes [2]. The development of micro-computed
tomography (lCT) and the discrete element method (DEM) mean
that the constrictions within a granular material can now be quan-
tified. If both the base PSD and the filter CSD are known and if there
is an overlap in the range of sizes covered by each, a simple visual
comparison of the distributions will not always indicate whether a
filter will prevent unacceptable erosion of base material.
This contribution aims to advance understanding of filter
behaviour by using a network-based analysis approach to assess
base-filter combinations where the filter CSD is known. Theconceptually simple network model uses an area-biased random
walk algorithm. CSD data are generated by applying the weighted
Delaunay triangulation approach proposed by Reboul et al. [3] to
virtual samples created using the discrete element method
(DEM). The network model’s performance is verified using simple
base-filter combinations and experimental data [4]. The ‘‘no”,
‘‘some” and ‘‘continuing” base soil erosion categories proposed
by Foster and Fell [5] are revisited and the network model is used
to explore the filter mechanics in some detail.2. Background
The classic filter rule proposed by Terzaghi defines an effective
filter, i.e. a filter that can retain a given base material, as one with
D15F/D85B 6 4, where D15F is the filter particle diameter for which
15% of the material by mass is finer and D85B is the base particle
diameter for which 85% of the material by mass is finer [6]. In
developing this rule, Terzaghi proposed that the characteristic fil-
ter particle diameter D15F be considered as a proxy for a character-
istic diameter of the constrictions within the filter void network [2]
and this concept has been adopted in subsequent studies. In their
experimental work, Kenney et al. [4] found that Dc⁄ 6 D15F/5 (where
Dc⁄ is the controlling constriction size, taken to be equal to the lar-
gest eroded particle) and they advocated the continued use of the
Terzaghi relationship. Sherard and Dunnigan [7] also recommend
D15F as a characteristic filter diameter for design, but to vary the
D15F/D85B ratio depending on the base material being assessed.
For ageing dams with filters which were not designed to meet
modern filter requirements, rather than drawing a distinct line
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posed categorizing filters as follows: (i) ‘‘seal with no erosion”
where very little material is passed through the filter or is eroded
(ii) ‘‘seal with some erosion” (iii) ‘‘partial or no seal with large ero-
sion” or ‘‘continuing erosion” where the filter is too coarse for the
base material to seal the filter. As with the Sherard and Dunnigan
[7] criteria, the boundary between no erosion and some erosion
depends on the base soil under consideration. For base soils with
less than 15% cohesive fines, this boundary is drawn at D15F/
D85B 6 7. For the some/continuing erosion boundary, D95B was
found to be a more effective base soil parameter than D85B, and
the boundary was drawn at D15F/D95B 6 9. The use of relatively
large base particles for the characteristic base diameter (i.e. D85B
or D95B) shows that the rules implicitly take into account the pro-
cess of self-filtering, where coarser transported base particles first
block the constrictions of the filter and therefore prevent the loss
of the finer base particles [8]. This is distinct from clogging of the
filter, which Vaughan and Soares [8] defined as ‘‘a slow blocking
of the filter. . . generally indicates eventual stability”.
DEM enables creation of virtual samples and the particle scale
data generated can be analysed to generate a CSD [3,9,10]. It is also
now possible to use lCT to directly image filters and algorithms to
generate a CSD have been proposed [11–13]. While the availability
of filter CSD data enables a more detailed scientific assessment of
filter-base interactions, direct comparison with the base PSD
reveals little about the filter performance. Analyses that consider
the dynamic nature of the filter-base interaction are needed and
here a network-based approach is adopted.3. Network-based model
Network models to consider pore-scale flow in porous media
comprise nodes representing void bodies connected by tubes or
bonds that represent the narrowest connecting constrictions or
pore throats. This simplified network structure considers only
which voids are connected, and the diameter of the narrowest con-
necting constriction, as shown schematically in Fig. 1. Jang et al.
[14] give a general overview of the use of network models in fun-
damental studies of permeability, multiphase flow and resource
recovery. Prior studies that have applied network modelling to
study filtration include [15–17]. Many of the network models used
to date consider the networks to be arranged as a regular lattice of
bonds and nodes, e.g. [14,16]. Following Schuler [18] recent
research on granular filters has concentrated on the use of regular
cubic networks, i.e. each void has six connections with other voids,
one downstream, one upstream and four sideways, e.g. [16,19]. TheVoidConstriction
(a)
Fig. 1. (a) Schematic diagram of void fabric; (b) repregular cubic network is justified based on an experimental study
reported by Witt [20], who measured pore and constriction distri-
butions in resin-impregnated gravel samples and found an average
of 5.7 constrictions per pore body. In Schuler’s model the network
constrictions are assumed to have randomly assigned diameters to
match the CSD. Assuming that each base particle which infiltrates
the network is able to infiltrate in either the sideways or down-
stream directions (i.e. each void has 5 exits, one downstream and
4 sideways). The number of downstream layers through which a
base particle of a given diameter can infiltrate can be probabilisti-
cally calculated using:
n ¼ lnð1
PÞ
lnðPðFÞÞ ð1Þ
where PðFÞ is the probability of a particle moving one layer down-
stream and P is a confidence interval, typically set between 95% and
99%. PðFÞ is the probability of a particle making a downstream step
through the network, which is a function of the probability of a base
particle passing through a single constriction. More details on the
calculations can be found in [19]. Sjah and Vincens [16] also used
this model to back-calculate a CSD curve from experimentally
derived number of filter layers through which base particles may
infiltrate. A drawback of the probabilistic network model is that it
considers the infiltration depth of single particles only. Blocking
of constrictions within the filter network and the effect of these
blockages on the retention of finer base is not explicitly considered.
Semar [21] presented a network model for granular filters to explic-
itly consider the full CSD. Constrictions were randomly assigned to
an initially cubic network to match the CSD. All constrictions smal-
ler than a specified base particle diameter were deleted. If the
resulting network percolated (i.e. if there was a continuous path
from one side of the filter to the other [22]), the base particle was
taken to be susceptible to erosion. As with the probabilistic model,
only a single base diameter is considered by a single network simu-
lation. Locke et al. [19] presented a time-dependent model based on
a cubic network. Moraci et al. [23] presented a method to predict
suffusion using a layer-based model that considers alternate layers
of particles and constrictions [23] where the CSD is obtained using
the Silveira method [24].
Here a new network model is proposed which is able to account
for a polydisperse base PSD and can therefore model the processes
of clogging and self-filtering. The model simulates the inter-void
movement of particles matching the base PSD using a timestep-
ping, area-biased random walk algorithm. The regular cubic net-
work topology adopted by previous researchers in the field of
granular filters is adopted here, as shown schematically in Fig. 2.Void (node)
Constriction 
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Fig. 2. Network structure.
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direction of flow, and is periodic in the directions perpendicular
to flow. The sizes of the cylindrical bonds in the network are spec-
ified to match a particular CSD. The network is ‘‘directed” and the
particles can move only in the positive Cartesian directions, i.e.
each internal void has three entrances (one upstream and two
sideways) and three exits (one downstream and two sideways),
as shown schematically in Fig. 2. This is in contrast to the cubic
network used in Eq. (1), in which it is assumed that particles
may both enter and exit voids through each of the sideways con-
strictions, or the Moraci et al. method [23] where the particles
move in only one direction. A unit spacing is adopted between
nodes, representing the distance between neighbouring voids. Sjah
and Vincens [16] considered this spacing and concluded that D50 of
the filter PSD by number gave the best estimate.
An area-biased random walk algorithm, developed with refer-
ence to [17], was used to simulate the passage of a finer, base
material through the network. The main steps of the algorithm
are set out in Fig. 3. Spherical base particles selected to match
the base PSD are introduced to the start nodes along one external
face of the filter (as illustrated schematically in Fig. 2). For each
simulation the number of base particles which are inserted into
the filter, Nbase, is calculated by specifying the mass ratio of base
material to filter material, Fbase. Nbase is then given by:
Nbase ¼ Fbase N
p
DEMNnodes
NvoidsDEM
Nbase;unit
Nfilter;unit
ð2Þ
where Nvoids is the number of nodes (voids) in the network model,
NpDEM and N
voids
DEM are the number of particles and voids in the DEM
model used to determine the CSD and Nbase;unitNfilter;unit is the ratio of the num-
ber of base particles per unit mass to the number of filter particles
per unit mass, determined from the PSDs.
In the simulations presented here the total volume of base par-
ticles generated was 5% of the filter particle mass. However for the
largest D15F/D85B ratio and the most widely graded base material
values 109 finer base particles would be needed to match 5% of
the filter particle mass. In these cases memory constraints
restricted the total number of finer particles to be 62  108 parti-
cles per simulation.
The base particles move through the filter until they are
retained or eroded (reach the end nodes), i.e. base particles can
exist in one of three states: (i) still in motion; (ii) retained within
the filter; (iii) eroded through the filter. During each increment
each particle which is free to move attempts to move to a neigh-
bouring void. The probability of one of the exit constrictions being
selected to convey the particle to the next neighbouring void is
proportional to the cross-sectional area of the exit constriction(Fig. 4), where only unblocked constrictions are considered. The
cross-sectional area was selected on the basis of Poiseuille’s law
for flow through circular tubes, in which the maximum flow veloc-
ity is proportional to the tube radius squared.
As illustrated in Fig. 5, there are three possibilities for a given
particle:
(a) If the particle diameter is smaller than the constriction
diameter it is moved to the neighbouring void.
(b) If the particle diameter exceeds the constriction diameter,
the particle is ‘‘retained” and the constriction is ‘‘blocked”.
The blocked constriction cannot be used to facilitate inter-
void particle movement in subsequent increments.
(c) If all exits to a void are blocked, the particle is ‘‘retained”.
Note that there is no limit on the number of base particles
which can enter a given void.
As illustrated in Fig. 3, the simulation progresses until all fines
in the system can be classified as being either retained or eroded.
The algorithm progresses incrementally. The base particles were
added incrementally as in the real scenario base materials progres-
sively erode and thereby gradually migrate into the filter. In each
increment 1% of the total number of base particles to be considered
are introduced to the network, until all of the base particles have
been introduced.
Determining the minimum size of the network required to get
results that were independent of the network size was an impor-
tant step in the network model development. This was done
through consideration of the percolation threshold [22]. A directed
network can be considered to be percolating if there is a continu-
ous path from the start to end nodes (i.e. sufficient constrictions/
bonds are unblocked/open to allow a continuous path of open con-
strictions to exist between the start and end of the filter). In an infi-
nitely large network, the point of percolation is well defined and it
will always occur at the same fraction of open bonds [22]. The per-
colation threshold is the proportion of bonds that must be open in
the network so that percolation is achieved. Networks of different
sizes with all bonds initially closed were simulated and bonds ran-
domly opened until the minimum percentage of bonds which
needed to be open (i.e. unblocked) to allow percolation was deter-
mined. This was repeated 100 times for each network considered
(networks of up to 80  80  80 nodes were considered). Fig. 6
illustrates the standard deviation of the percolation thresholds
for the networks considered; there is a clear decrease in the rate
of reduction of the standard deviation when networks larger than
40  40  40 nodes are considered. Based on these data a network
with 40  40  60 nodes (total 96,000 nodes), with 60 nodes in the
direction of flow was used in the remainder of the simulations dis-
cussed here. Each network simulation took between two hours and
four days using a HP Z600 workstation with 8 GB RAM, depending
on the number of base particles used in the simulation.
The key advantages and limitations of the model are sum-
marised in Table 1. A key advantage of the current model over pre-
viously proposed models [15,16] is that it can consider base
materials with a range of PSDs and filter materials with a range
of CSDs. Direct input of the filter CSD enables variations in the
CSD with filter PSD and density to be considered. The blocking
mechanism captured in this model is not included in prior models
(e.g. it is absent from the Moraci et al. layer-based model) [23]. Up
to 200 million base particles can be accommodated. Network
statistics such as the PSDs of retained and eroded material and pro-
portion of bonds blocked can easily be extracted at each time. It
should be noted that in the current model formulation each model
increment does not correspond to a specific time interval, but
rather the increments allow filtration to progress until all the base
material is accounted for. Nevertheless, the model will give
Create cubic 
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Fig. 3. Process involved in biased random walk model.
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Fig. 5. Options for base particle movement or retention. (a) Base passes through
constriction; (b) base is retained in constriction, constriction becomes blocked; (c)
all exits are blocked and the particle is retained in the void.
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Table 1
Advantages and limitations of network model.
Advantages Limitations/simplifications
 Can accommodate base and filter
materials of varying PSD, so can
simulate self-filtering
 Uses a large number of particles
(up to 200 million)
 Uses calculated filter CSD, so
automatically takes into account
filter properties such as relative
density
 Network statistic such as back-
bone fraction can be collected
 Can accommodate filter networks
of varying structure (i.e. inter-
void connectivity)
 Requires CSD calculation to be
carried out
 Hydraulic conditions are
accounted for using a very ideal
area bias assumption
 Simplified void clogging process:
no reduction in size due to clog-
ging (constrictions either open
with full diameter, or clogged)
 Only single-particle retention
considered. Other mechanisms
e.g. particle bridging are not
considered
 Assumption that all base parti-
cles will enter the filter may not
be valid for all base materials
 Current cubic network assump-
tion may not be realistic
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(e.g. will self-filtration occur without significant erosion?). The
model is highly ideal, for example the hydraulic conditions in
the filter are not considered although these will influence the
transport of particles and therefore the results should be treatedas conservative. The complexity of flow through real filters was
shown by computational fluid dynamic (CFD) simulations on
microcomputed tomographic images of real filter sands by [25].
Flow through an individual constriction depends on its diameter,
the local (micro-scale) hydraulic gradients and on its orientation
with respect to the overall (macro-scale) hydraulic gradient
direction, where constrictions within ±90 of the overall hydraulic
gradient have the potential to allow particles to pass, but the fluid
velocity reduces as the difference between the constriction orien-
tation and the overall flow direction increases. Rege and Fogler
[17] idealized the network as a 2D pipe network to calculate the
flow between voids; for a 3D network representing a granular filter
this would significantly increase the computational cost of the
model and would still be a gross idealization of a system that
has highly complex flow geometries.4. DEM simulations to determine CSD for model application
To apply the model in the current study, DEM simulations were
used to generate virtual filter samples with specific PSDs from
which CSDs could be measured. The DEM simulations used to cre-
ate the virtual granular filters used a modified version of the
molecular dynamics code LAMMPS [26]. The specific simulation
approach used here is discussed in [27]. To achieve homogeneity
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initially randomly placed in the periodic cell. This initially loose,
non-contacting assembly was isotropically compressed to a mean
effective stress of p0 = 50 kPa, where p0 is the mean normal stress.
Referring to Fig. 7(a) and Table 2, for all of the cases discussed here
linear filter PSDs were considered, with coefficients of uniformity
of the filter, Cufilter = D60F/D10F = 1.2, 1.5 and 3. The sample density
was controlled by varying the inter-particle coefficient of friction
(l) applied during compression and the resultant void ratios for
‘‘loose” (l = 0.3) and ‘‘dense” (l = 0.0) samples are given in Table 2.
Once the samples have reached p0 = 50 kPa the friction is changed1 5 10 50
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Fig. 7. Filter PSDs and corresponding CSDs used in network model. DF is a filter
particle diameter and Dc is a constriction diameter. Samples Cu = 1.2, Cu = 3.0
Dense, and Cu = 6 are equivalent to those considered in experiments by Kenney
et al. [4].to l = 0.3, causing a very small amount of rearrangement, so that
all samples have comparable characteristics. Note that the terms
‘‘loose” and ‘‘dense” do not correspond to the relative density cal-
culated from laboratory tests using emax and emin. However, a DEM
sample created with l = 0.0 can be considered the densest possible
and l = 0.3 was selected to approximately match experimentally
derived value of interparticle friction for glass beads [28], meaning
that the sample compressed with l = 0.3 can be considered loose.
For all samples with Cufilter 6 3.0 it was possible to match the
experimental void ratios of Kenney et al. [4] with l 6 0.3. However,
for the sample with Cufilter = 6.0 the highest reasonable coefficient
of friction of l = 0.7 was used in order to create the loosest possible
sample. This still resulted in a void ratio slightly higher than the
experimental values (eLAB = 0.39 – 0.43 and eDEM = 0.34), however
this was still considered reasonable for comparison purposes.
The number of particles in the simulations increased with
Cufilter from 8262 (Cufilter = 1.2) to 59,183 (Cufilter = 6.0). As
discussed in [29], once a stable system configuration was attained
at p0 = 50 kPa, the constriction sizes were determined using the
weighted Delaunay algorithm that was proposed by Reboul et al.
[3]. This algorithm uses a weighted Delaunay triangulation of the
particle centroids and the constriction sizes are determined by
considering the maximum sized particles that can pass between
the three particles that define each face in the tetrahedral system.
Larger constrictions are considered to represent an over segmenta-
tion of the void space, and as discussed by [30], a user-controlled
merging step is applied that effectively considers the overlap of
the inspheres in adjacent tetrahedra; here a 50% overlap was used
as the merging criterion. The resultant constriction size distribu-
tions (CSDs) are illustrated in Fig. 7(b) and (c) as cumulative
distributions by number, while Table 2 indicates the coefficient
of uniformity of the CSDs. Referring to Fig. 7, the effectiveness of
any of these filters to retain a finer material cannot simply be
determined by visual comparison of the finer PSD with the filter
CSD. The CSD calculation (DEM simulations and CSD calculations)
took between two days and three weeks, depending on the number
and coefficient of uniformity of the DEM particles.5. Validation of network model
The model was firstly validated by checking that monosized
base particles equal to Dc1 or Dc1.5, where x% of the total number
of constrictions are smaller than Dcx caused blocking of 1 or 1.5%
of the bonds.
Reference was then made to Kenney et al. [4] which includes
data for hydraulic filter experiments that are well suited to verify
the proposed model as a cohesionless base material was tested
and the filter PSDs and void ratios and the largest eroded base par-
ticle diameter were given. Other experimental data [8,31–36]
either used cohesive base materials or did not provide all the nec-
essary data.
The materials considered by Kenney et al. [4] included both
spherical glass beads and natural sands and gravels. Kenney et al.
[4] found that when a finer base material with Cubase = D60B/
D10B = 1.2 was considered, the largest base particles that could
erode through filters with Cufilter = 1.2, Cufilter = 3.0 and Cufilter = 6.0
had diameters approximately equal to 0.18D0F, 0.25D0F and 0.26D0F
respectively.
DEM filter samples were created with similar PSDs (Cufilter = 1.2,
3.0, and 6.0) to the filters tested by Kenney et al. [4]. For the cases
with Cufilter = 1.2 and Cufilter = 3.0 the DEM samples had void ratios
of eDEM = 0.558 and eDEM = 0.455 respectively; in both cases these
values were within the range of the experimental void ratios, eLAB
(where Cufilter = 1.2, 0.52 < eLAB < 0.56, and where Cufilter = 3.0,
0.43 < eLAB < 0.47). For Cufilter = 6.0 the DEM sample had eDEM = 0.34
Table 2
Filter simulations for constriction size distributions.
Coefficient of uniformity, Cufilter Number of particles Interparticle friction coefficient, l Void ratio at p0 = 50 kPa, e Coefficient of uniformity of the CSD, CuCSD
1.2 8262 0.0 0.558 1.48
1.5 9313 0.0 0.531 1.52
0.3 0.658 1.63
3 22,600 0.0 0.382 1.57
0.3 0.455 1.60
6 59,183 0.7 0.340 1.57
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had 0.39 < eLAB < 0.43. The DEM PSDs and resultant CSDs are
included in the data presented in Fig. 7(a) and (b). The CSDs
derived from the three DEM samples were used to create network
models. For each network model a parametric study was then car-
ried out using base materials with Cubase = 1.2 where the ratio
D50B/D0F was systematically incremented. The values of D50B/D0F
considered were within a range of 0.1 < D50B/D0F < 0.4 to enable
consideration of progression from complete erosion to perfect fil-
tration as indicated in Figs. 8–10. For each value of D50B/D0F the
random walk algorithm was applied to the network model and
the largest particle eroded and proportion of base material eroded
were recorded and these values are compared with the experimen-
tal data in Figs. 8–10. The data presented in Fig. 8 indicate a very
good agreement between the filter simulation results and the
experimental data for Cufilter = 1.2; the largest particle that passes
through the filter is approximately 0.18D0 for all D50B/D0F
ratios 6 2, and the amount of material that passes through the net-
work model drops significantly between D50B/D0F = 0.15 and D50B/
D0F = 0.18. Referring to Figs. 9 and 10 for Cufilter = 3.0 and 6.0 the
agreement is reasonable. In both cases in the experiments the lar-
gest particle that passed through the filter was about 0.25D0; the
network model predicted the largest particle passing through the
filter to be 0.3D0 for Cufilter = 3.0 and 0.34D0 for Cufilter = 6.0. For
these two filter models there is a significant decrease in the volume
of base material that can pass through the filter between D50B/
D0 = 0.2 and D50B/D0 = 0.3, with almost all the base material being
retained by the filters at D50B/D0F = 0.3. The overall good agreement
between the model results and the experimental data enables
application of the model with confidence to analyse various
base-filter combinations.0.1 0.15 0.2 0.25 0.3 0.35
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Fig. 8. Validation of random walk algorithms against experimental data of Kenney
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et al. [4]: filter Cu = 6.0. (a) Largest base particle eroded; (b) proportion of base
material eroded.6. Application of model to assess base/filter combinations
Having established the ability of the model to generate reason-
able results, the model was applied to revisit the Foster and Fell [5]
categorization of erosion. In this study 66 combinations of filters
with finer base materials were considered. Referring to Fig. 7 and
4 filter scenarios were selected, with Cufilter = 1.5 and Cufilter = 3.0,
each in a dense and loose state, with the resultant CSDs given in
Fig. 7(b). For the finer base materials, three linear PSDs with
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size of the finer base particles was selected by setting D85B equal to
Dc5, Dc10, Dc15, Dc25, Dc50 and Dc75 of the CSD from the loose DEM
sample for a given Cufilter value. These sizes were used with both
loose and dense filters so that the ratios D15F/D85B were the same.
For the case of Cufilter = 1.5, base materials with D85B = Dc0 were
also considered.
As described in Fig. 12, the simulations were carried out in two
stages. In each stage the number of base particles was calculated
using Eq. (2) or the limit of 200 million (i.e. a total of 400 million
base particles was analysed for a single base-filter combination).
The majority of constriction blockage occurred during the first
stage. During the second stage (which uses the partially blocked
network from the first simulation) the number of new constric-
tions which become blocked is significantly lower (typically
around 10% of the first simulation). The second simulations was
therefore used to assess the effect of constriction blocking during
the first simulation. Based on consideration of the simulation
results, where less than 7.5% of the base material passed through
the filter/was eroded in the first stage simulation, the combination
was considered to lie within the ‘‘no erosion” categorization. Com-
binations where more than 7.5% of the base material was eroded in
the first stage simulation and less than 7.5% was eroded in the sec-
ond stage were classified as having ‘‘some erosion”. ‘‘Continuing”
erosion was considered to occur if more than 7.5% of the base
material was eroded in both stages of the simulation. The repeata-
bility was checked by rerunning selected simulations 10 times. The
largest particle eroded did not change and the proportion eroded
varied by no more than 5% of the total.
Examples of each classification can be seen in Fig. 13, which
shows the percent of the total base material eroded against simu-
lation time increment. Where some erosion occurs there is a signif-
icant drop in the amount of base material eroded between the first
simulation and the second, which uses the partially blocked filter
network which forms during the first simulation. By contrast,
where continuing erosion occurs there is significant erosion in both
simulations, and where no erosion occurs there is only negligible
erosion.
In order to initially assess the validity of Terzaghi’s filter rule [6]
(i.e. to what extent PSD alone will control filtration), the results are
presented against the D15F/D85B ratio. As a single D15F/D85B ratio can
only be considered to be valid for a single relative density, the vari-
ation of base material which was eroded with the D15F/D85B ratio is0.05 0.1 0.5 1
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Fig. 11. Typical base-filter combination: Base PSDs: D85B = Dc5 with Cu = 1.5, 3.0,
4.5.
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Fig. 13. Progression of continuing, some and no erosion simulations with time
increments. Continuing erosion simulation is dense Cufilter = 3.0, Cubase = 1.5,
d85B = Dc5. Some erosion simulation is dense Cufilter = 1.5, Cubase = 3.0, d85B = Dc5.
No erosion simulation is loose Cufilter = 1.5, Cubase = 1.5, d85B = Dc50.considered in Fig. 14(a) for all filter-base combinations using loose
filters and in Fig. 14(b) for dense filters. Results are coloured
depending on the Cubase of the material. Results for both the first
and second simulations are shown and the 7.5% erosion limit used
to define the boundary between no, some and continuing erosion.
Although in general the proportion of base material eroded
increases with D15F/D85B, as the filter density increases there is a
clear reduction in the base material eroded for all combinations
with D15F/D85B > 5. The proportion of base eroded is also highly
dependent on Cubase, with erosion generally reducing with increas-
ing Cubase. It is clear that even in idealized simulations such as those
presented here the ratio D15F/D85B is insufficient to describe filter
effectiveness and that where uncertainty exists other factors such
as relative density must be taken into account.
Considering the loose filters, when D15F/D85B < 5 all combina-
tions are considered to be no erosion and so in these simulations
D15F/D85B = 5 can be taken as the boundary between the no and
4 5 6 7
0
25
50
75
100
D15F / D85B
B
as
e 
m
at
er
ia
l e
ro
de
d 
(%
 v
ol
um
e)
(a)
1st Simulation, Cu base = 1.5
1st Simulation, Cu base = 3.0
1st Simulation, Cu base = 4.5
2nd Simulation, Cu base = 1.5
2nd Simulation, Cu base = 3.0
2nd Simulation, Cu base = 4.5
4 5 6 7
0
25
50
75
100
D15F / D85B
B
as
e 
m
at
er
ia
l e
ro
de
d 
(%
 v
ol
um
e)
(b)
Fig. 14. Base material eroded in first and second simulations against D15F/D85B
ratio: (a) loose filters; (b) dense filters.
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Fig. 15. Base material eroded in first and second simulations against D15F/D95B
ratio: (a) loose filters; (b) dense filters.
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Cubase = 1.5 are classified as continuing erosion, although the pro-
portion of base material eroded increases noticeably with D15F/
D85B – when D15F/D85B = 6.5 almost all the base material is eroded.
For each case where Cubase = 1.5 there is only a small reduction in
eroded material between the first and second simulations, showing
that for the uniformly graded base material long-term clogging is
less likely to occur. For base materials with Cubase = 3 and 4.5,
when 5 < D15F/D85B < 6 all but one combination is classified as
some erosion, meaning that the amount of eroded material reduces
significantly between the first and second simulations as a greater
proportion of constrictions are blocked at the start of the second
simulation. The difference between the very uniform and more
well-graded materials can be explained by the fact that, for a given
D85B the higher Cubase materials have a larger D100B and it is these
larger particles which determine whether self-filtering will even-
tually occur.
When D15F/D85B = 6.5 and CubaseP 3.0 there is a reduction in
base material eroded between the first and second simulations,
in particular for the simulation with Cubase = 4.5 (from 43% to
18%). However, the amount of material eroded is still significant
and it is likely that these samples are slowly clogging, rather than
self-filtering close to the base/filter interface. This will be revisited
later in the paper.
It can be seen in Fig. 14 that it is not possible to define a clear
boundary between the some and continuing erosion categories
using D15F/D85B. Foster and Fell [5] suggested that D15F/D95B was
more effective than D15F/D85B for defining this boundary. Fig. 15
shows the relationship between D15F/D95B and the proportion of
base eroded. It can be seen that a much clearer boundary between
some and continuing erosion is defined at D15F/D95B = 4.7. Although
this is a much smaller ratio that Foster and Fell’s boundary, it
shows a good qualitative agreement.Fig. 16 examines the influence of the Cufilter value by consider-
ing the loose filters and base materials with Cubase = 1.5. Referring
to Fig. 16(a), when normalised by D0F, the largest particle eroded
increases with Cufilter. This corresponds to the increase in the
CSD diameter as Cufilter increases from 1.5 to 3, as shown in
Fig. 7. However, when normalised by D15F the size of the largest
eroded particles is practically the same for both Cufilter values at
D100B,eroded = 0.2 D15F (Fig. 16(b)). This is in good agreement with
the experimental work of Kenney et al. [4]. As illustrated in
Fig. 16(c), for Cufilter = 1.5 and 3 the relationships between the
D15F/D85B ratio and the proportion of base material eroded are sim-
ilar. The close agreement for filters normalised by D15F is a conse-
quence of the CSDs for the materials being similar when
normalised by D15F, as shown by in Fig. 7(c).
Up to this point there has been an emphasis on comparing the
PSDs of the filter. However the filter density is known to influence
the filter CSD [19,29]. Here, the influence of filter density can be
appreciated by reference to Fig. 17 which considers the loose and
dense CSDs for Cufilter = 1.5 combined with a base with Cubase = 1.5;
D85B was varied as discussed above. Referring to Fig. 17(a), the lar-
gest particle eroded is larger for the looser filter in all cases exclud-
ing the least effective combination where D15F/D85BP 6.5 (for this
combination almost all the material is eroded in both cases). Shire
and O’Sullivan [29] report that the constriction diameters are con-
sistently around 10% smaller for the dense filters at a given % smal-
ler value, and this is reflected in the change in D100B,eroded with
density. The filter density clearly influences the filter performance,
as shown in Fig. 17(b). For D15F/D85B < 5, both loose and dense fil-
ters are effective and only a small proportion of the base material
is eroded. For intermediate values where 5 < D15F/D85B < 6, the fil-
ter density has a marked effect on the filter effectiveness, consider-
ing both the volume of base material eroded and the size of the
largest eroded particle.
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126 T. Shire, C. O’Sullivan / Computers and Geotechnics 84 (2017) 117–128The area-biased network model allows data on the pore-scale
evolution of erosion and self-filtering to be recorded. Fig. 18 shows
the development of the PSD of material retained in the filter as a
typical network simulation progresses. During the first incrementa small number of base particles, which are all larger than the
smallest constriction are retained. This causes a number of voids
close to the filter entrance to become blocked, and as the simula-
tion progresses these blocked voids are able to retain progressively
finer particles. The network data are also able to demonstrate the
hypothesis of [4] that self-filtering typically occurs within a thin
layer close to the filter-base interface. Fig. 19(a) shows that there
is no relationship between total proportion of base eroded and
the proportion of constrictions which are blocked at the end of
the second simulation. In fact, many of the samples with the least
amount of base material eroded have only a small proportion of
Table 3
Effect of modifying void connectivity for simulation with Cufilter = 1.5, Cubase = 1.5, D85B = Dc5.
Void
connectivity
Modified connectivity (non-cubic network with average connectivity = 6) Original connectivity (regular cubic network with average
connectivity = 6)
Proportion of
voids with given
connectivity (%)
Average base
particles
retained per
void
All voids:
Average base
particles
retained
Proportion of particles
retained by voids of
given connectivity (%)
Proportion of
voids with given
connectivity (%)
Average base
particles
retained per
void
Proportion of particles
retained by voids of
given connectivity (%)
4 3.5 397 173 6.4 – – –
5 22.8 444 54.6 – – –
6 47.6 98 30.8 100 96 100
7 22.6 39 6.5 – – –
8 3.5 62 1.7 – – –
T. Shire, C. O’Sullivan / Computers and Geotechnics 84 (2017) 117–128 127constrictions blocked (<7.5%). However, when the constrictions
blocked within the first three layers of the filter only are consid-
ered (Fig. 19(b)) a clear relationship of decreasing erosion with
increasing blocked emerges, showing that for a homogeneous filter
only the constrictions close the entrance need to become blocked
for self-filtering to occur [37].
A second process of clogging (a slow blocking of the filter) can
also be identified from these results. As noted earlier, D15F/
D85B = 6.5 and CubaseP 3.0 there is a reduction in base material
eroded between the first and second simulations. These samples
have relatively a similar proportion of constrictions blocked in
the first few rows as in the filter as a whole, suggesting a slow
blocking process may be leading to the slow reduction in eroded
material and eventual clogging of the filter.
Recognizing the potential sensitivity of the model and the
results to the initial network connectivity, the base/filter combina-
tions with Cufilter = 1.5 (loose) were repeated for a network with
the same average connectivity (six), but constrictions were created
between diagonally neighbouring voids, or deleted until the con-
nectivity distribution shown in Table 3 was reached. The sizes of
the largest eroded particles did not differ significantly (the maxi-
mum diameter difference was 5.5%). However, as shown in
Fig. 20, the percentage of base material eroded was greatly reduced
when the modified connectivity was used. The voids with fewer
than six connections appear to have a disproportionate effect on
the system, as illustrated by the case for which Cufilter = 1.5,
Cubase = 1.5 and D85B = Dc5 in Table 3. The voids with fewer than
six connections retain the majority of the base particles (61%)
despite representing only 26.3% of the total voids. The application
of the model presented isolated the effect of the CSD from other
factors, such as void connectivity. However, this sensitivity analy-
sis shows that future work should consider both CSD and the soil
fabric by modelling void connectivity. Algorithms to produce largeFig. 20. Variation in material eroded with change in network connectivity.networks which can match the CSD and void connectivity distribu-
tion of real networks have been proposed e.g. [38,39].
7. Conclusions
This contribution has proposed a network model that uses an
area-biased random walk approach to simulate the percolation of
a finer base material through a given filter for a given filter con-
striction size distribution (CSD) (obtained from microCT or
particle-scale simulation) and the base particle size distribution
(PSD). Accurate particle-fluid coupled simulations of the filtration
process with the millions of base particles required to get a repre-
sentative model response is not currently possible. The abstrac-
tions adopted here to represent a physical system enabled up to
400 million base particles to be considered and facilitated numer-
ical analyses of base-filter interaction leading to improved insight
into the physical processes involved. The model uses a highly ide-
alized directed cubic network of voids (i.e. each void is connected
to six neighbouring voids). The complex hydraulics within a filter
are not explicitly considered, rather the probability of a eroding
base particle moving into a void is proportional to the area of the
constriction connecting the voids. A polydisperse base PSD may
be used in the model, allowing mechanisms such as self-filtering,
where coarser transported base particles first block the constric-
tions of the filter and therefore prevent the loss of the finer base
particles to be considered. Additionally, micro-scale variables such
as the PSD of base material retained in the filter can be obtained.
The model was validated using experimental data from Kenney
et al. [4]; for equivalent systems the largest particle which could
be eroded in the network model was in good agreement with the
experimental findings.
In the current study 66 base-filter combinations were analysed
using up to 400 million base particles per simulation. The filter
CSDs were obtained by analysing the output from DEM simulations
using the weighted Delaunay triangulation method. The results
provided the following insight into filter performance:
(a) The ‘‘no erosion”, ‘‘some erosion” and ‘‘continuing erosion”
classifications proposed by Foster and Fell [5] to analyse
the results of filter tests were applied to the results of the
network model. Similar to the conclusions of Foster and Fell
[5], the ratio D15F/D95B was found to best divide some/no
erosion from continuing erosion tests, whereas D15F/D85B
was found to best divide no erosion from some/continuing
erosion.
(b) Using the network model with CSDs from coarse samples
with Cufilter = 1.5 and 3, it was found that the largest particle
which could be eroded normalised by D15F of the filter
(D100B, eroded/D15F) was similar and independent of the
Cufilter value. This gives further support to the use of charac-
teristic diameters as a means to approximate a controlling
constriction size in filter design.
128 T. Shire, C. O’Sullivan / Computers and Geotechnics 84 (2017) 117–128(c) The relative density of the filter can have a significant effect
on the base/filter combination effectiveness. An increase in
relative density from ‘‘loose” to ‘‘dense” led the average con-
strictions in the CSD and the largest particle eroded in the
network model to reduce by a similar magnitude. The
amount of base material eroded was sensitive to filter
relative densities for filters which allow some or continuing
erosion (D15F/D85B > 5).
(d) For a given D85B, which is typically taken to be the charac-
teristic particle size for base materials, a higher Cubase was
more likely to lead to self-filter following some erosion.
Lower Cubase materials tend to either self-filter with little
erosion or suffer continuing erosion. This is because the
largest particles control self-filtering.
(e) A change in network structure can affect the results of the
network model and so future studies should consider both
constriction sizes and void connectivity (soil fabric). A non-
uniform void connectivity distribution leads to a reduction
in the base material eroded compared to a uniform distribu-
tion. This is true, even when the average void connectivity is
held the same. This is due to voids with fewer than average
connectivity having a disproportionate effect on material
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